We examine the application of the recently developed dual basis methods of HeadGordon and co-workers to double hybrid density functional computations. Using the B2-PLYP, B2GP-PLYP, DSD-BLYP and DSD-PBEP86 density functionals, we assess the performance of dual basis methods for the calculation of conformational energy changes in C 4 -C 7 alkanes and for the S22 set of noncovalent interaction energies. The dual basis methods, combined with resolution-of-the-identity second-order Møller-Plesset theory, are shown to give results in excellent agreement with conventional methods at a much reduced computational cost.
The maximum deviation (MD) plotted against mean average deviation for our dual basis double hybrid DFT benchmark test set results.
INTRODUCTION
Improving Kohn-Sham density functional theory and many body perturbation theory by combining the two in some fashion is an attractive idea garnering much recent attention [1] [2] [3] [4] [5] .
Early difficulties in obtaining accurate results 1 with Kohn-Sham (KS) orbitals and second
Møller-Plesset (MP2) perturbation theory (many body perturbation theory with canonical self consistent field partitioning) were addressed with the development of so called double hybrid (DH) methods, 4, 6 where the idea is to use a mixture of Hartree-Fock (HF) and density functional theory (DFT) exchange with a portion of the correlation coming from DFT and the rest from an MP2 calculation using the resulting Kohn-Sham orbitals. This exchangecorrelation partitioning is given by
where c x is the amount of HF exchange, c c is the amount of DFT correlation, c os and c ss are the mixing coefficients for the opposite (αβ) and same (αα) spin contributions to the MP2 correlation energy. The -D2 (2006) and -D3 (2010) Grimme dispersion correction 7, 8 is included within the E D term as desired. For normal double hybrid methods such as B2-PLYP and B2GP-PLYP, the same spin and opposite spin coefficients are constrained to be equal. For DSD methods such as DSD-BLYP 9 and DSD-PBEP86 10 this constraint is lifted and the two components are optimized individually in the same manner as spin component scaled MP2 (SCS-MP2).
6,11,12
The improvement of DH methods over standard DFT functionals has been well docu- computational scaling becomes a very significant bottleneck in large scale calculations. The application of DH methods to larger systems quickly reach this scaling bottleneck, resulting in the demand for an alternative. Similarly, the performance of the DFT portion of the calculation demands an improvement due to scaling with system size. The purpose of this paper is to describe our proposed methodological changes to circumvent the scaling limitations in standard DH methods. Firstly, we address the computational cost of standard DFT calculations by performing a dual basis self consistent field (SCF) calculation. 16 Following this the computational cost of the MP2 portion of the calculation is reduced by using the resolution-of-the-identity approximation 17 .
The dual basis approach of Head-Gordon and co-workers 16,18-20 is a method for reducing the computational cost of large basis SCF calculations. An SCF calculation in a small basis set is iterated to convergence, providing the small basis energy E S and molecular orbital (MO) coefficients C S . Approximate large basis MO coefficients C L are obtained by projection of the small basis MO coefficients C S onto the large basis, found by solving the linear equations
where S L is the large basis overlap matrix and S LS is the rectangular overlap matrix between the large and small basis. Using the projected orbitals, a new density matrix P is formed, and a new Fock matrix, F (P ), is constructed and diagonalized, providing a new density P ′ .
The density difference ∆P = P − P ′ is then used to compute a correction to the small basis SCF energy from
and the dual basis SCF energy is obtained from
In this work we combine the dual basis SCF method with resolution-of-the-identity second-order Møller-Plesset theory. The conventional expression for the MP2 correlation energy is
where ǫ q are the SCF orbital eigenvalues and the indices i, j (a, b) range over occupied (virtual) molecular orbitals. The occupied-virtual MOs are obtained from a four index transformation of the AO basis electron repulsion integrals (ERIs)
where greek indices range over AOs and C νi are MO coefficients. Resolution-of-the-identity methods seek to replace the ERIs
by a sum of two and three center integrals
where l, m are the indices of auxillary basis functions. In practice, the size of the auxillary basis is typically 3-4 times larger than the primary basis, leading to large speedups in the ERI calculation and subsequent integral transformation.
We note that MP2 calculations using dual basis SCF orbitals formally have a singles contribution as the large basis density is not completely relaxed and Brillouin's theorem therefore does not hold. However Steele et al. 18 have shown that the contribution of the singles term is very small, therefore it is neglected in this work.
METHODOLOGY
The large basis set used for dual basis calculations in this work are the standard correlation consistent Dunning [21] [22] [23] [24] [25] [26] triple zeta basis sets with (aug-cc-pVTZ) and without (cc-pVTZ) diffuse functions. The corresponding small basis sets are pruned sets from these the larger (aug-) cc-pVTZ basis sets using the prescription given by Steele et al. 18 ,20 which we denote rcc-pVTZ and r-aug-cc-pVTZ in this paper. For r-cc-pVTZ only the f functions are dropped, except in the case of hydrogen and helium where in addition to the s functions the tightest p function is kept. The pruning scheme is similar for the r-aug-cc-pVTZ set where in addition to the f functions being dropped, the diffuse d is also dropped. In the hydrogen and helium set all s functions are kept as well as the two tightest p functions, all others are dropped.
In all RIMP2 calculations, we used the fitting basis sets from Weigend et al. 27 For all DFT calculations in this work we make use of the so called JANS=2 grid in GAMESS, which is a 155 radial Euler-MacLaurin quadrature and pruned 974 point Lebedev grid. Tests with a larger grid did not lead to any appreciable differences in either conformer or dissociation energies.
To assess the usefullness of using dual basis SCF in a DH method, we make use of the S22 set of non-covalently bonded molecules 28 and the ACONF set of alkane (C 4 -C 6 ) conformers 29 .
Reference geometries and ab initio dissociation energies for the S22 are taken from Jurečka et al. 28 and Takatani et al. 30 respectively. For the ACONF set both reference geometries and ab initio conformer energies are taken from Gruzman et al. 29 Dissociation and conformer energies were computed within the frozen core approximation (core-valence energy is implicit within the DFT framework, but is explicitly excluded from the MP2 correlation energy) as is usual for these sets. All electronic structure calculations in this work were done using a locally modified version of the GAMESS quantum chemistry program package 31,32 in which we have implemented the dual basis SCF scheme outlined in the introdction. Throughout this paper we use RMS to mean "root mean square," MAD to mean "mean average deviation,"
and MD to mean "maximum deviation."
RESULTS

ALKANE CONFORMER ORDER AND RELATIVE ENERGIES
The DB-RIDH results for the ACONF set of C 4 -C 6 alkanes are presented in Tables 1 and   2 , with and without the Grimme dispersion correction. Our reference ab initio data for the ACONF set comes from the W1h-val results of Gruzman et al. 29 The W1h-val method incorporates SCF and CCSD(T) (coupled cluster with perturbative singles and doubles with perturbative triples 33 ) methods where the final SCF and CCSD energies are obtained using W2 extrapolation from the cc-pVT,QZ basis sets and the (T) contribution extrapolated from the cc-pVD,TZ basis set. In addition to the now standard ACONF set, we have also computed the conformer energies for n-heptane; the results can be found in Tables 3 and   4 .
1 The ab initio n-heptane results from Gruzman et al. 29 are at the slightly lower MP2:CC level of theory (MP2/cc-pVQZ + [CCSD(T)/cc-pVDZ -MP2/cc-pVDZ] at a MP2/cc-pVDZ reference geometry). For n-butane through n-hexane (the ACONF set) the differences between W1h-val and MP2:CC are reported 29 to be on the order of 0.01 kcal/mol, which is 1 Results for even longer alkane chains can be found in Byrd et al.
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more than sufficiently accurate for our purposes. We find the RMS and MAD relative to the ab initio 29 values to be around 0.5 kcal/mol for all functionals used, with almost a factor of two improvement for the DSD methods over the standard B2-PLYP. Incuding Grimme dispersion further improves the results to obtain nearly indistinguishable values compared to ab initio. As expected for alkane conformers, the differences between the cc-pVTZ and the diffuse aug-cc-pVTZ basis sets are negligible.
The energetic ordering of each conformer is as important as the relative eergies. For both basis sets the DH methods predict the same conformer ACONF ordering excluding the
Only the DSD methods including Grimme dispersion agree with the ab initio ordering when using the cc-pVTZ basis set. Including diffuse functions with the aug-cc-pVTZ basis set brings every DH method into agreement with ab initio so long as Grimme dispersion is included. This same conformer ordering error is seen in standard DH calculations 14 and so is not an indication of a problem with either using dual basis or RIMP2. For the case of n-heptane, the DB-RIDH calculations with and without Grimme dispersion have small number of non-systematic conformer ordering discrepancies. As the magnetude of the error in these discrepancies (errors near 0.01 kcal/mol) are the same size as the reported errors in MP2:CC we do not attach any particular significance to the differences in conformer ordering. Tables 5 and 6 show the DB-RIHD results (with and without Grimme dispersion) for the S22 set of non-covalently bonded molecules. In the absence of a dispersion correction, the RMS and MAD values for both the cc-pVTZ and aug-cc-pVTZ basis sets relative to the benchmark CBS(∆a(DT)Z) ab initio results 30 range from 1 to 3 kcal/mol with the DSD methods performing the best overall. Inclusion of Grimme dispersion brings the agreement for all DH methods to better than half a kcal/mol for the cc-pVTZ basis set. As expected considering the number of polar molecules included within the S22 set, the inclusion of diffuse functions in the aug-cc-pVTZ basis reduces the RMS and MAD error even more. 
S22 NON-COVALENT INTERACTION ENERGIES
CONCLUSIONS
We have shown that the use of dual basis and resolution-of-the-identity methods can speed up double hybrid DFT computations without significant loss in accuracy. Results are presented for alkane conformational energy differences and non-covalent interaction energies using the B2-PLYP, B2GP-PLYP, DSD-BLYP and DSD-PBEP86 double hybrid density functionals.
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